Introduction
Tuned Mass Damper (TMD) devices for the reduction of structural vibrations have been widely studied and applied in both fields of mechanical and civil engineering [1] - [4] . Several applications of TMDs have been realized worldwide for reducing the wind-induced motions of tall buildings such as the Centerpoint Tower in Sidney, the Citicorp Center in New York, the John Hancock Tower in Boston, the Funade Bridge Tower in Osaka, among others [5] - [7] .
A TMD is a device consisting of mass, spring and damper attached to the main structure in order to reduce its dynamic response. The frequency of the damper is tuned to a selected structural frequency so that when the corresponding mode shape is excited, the damper will resonate out of phase with the main structural motion [1] . The mass of the damper transmits its inertia force to the main structure in a direction opposite to the motion of the structure itself, thereby reducing its oscillations.
The initial theory of TMD, as developed by Den Hartog [1] , was limited to undamped single degree of freedom (SDOF) systems subjected to sinusoidal force excitations. Extension to damped systems has been investigated by numerous researchers [2] - [11] .
Several devices commonly used to enhance damping in mass dampers, such as laminated elastomeric rubber bearings or fluid viscous dampers, have viscoelastic properties and their behaviour has been studied by means of fractional derivative constitutive laws. Theoretical basis for the application of fractional calculus to model viscoelastic materials can be found in [12] - [15] while some applications of viscoelastic dampers and elastomeric rubber bearings modeled by means of fractional integral and derivatives are reported in [16] - [22] . In [23] TMDs with viscoelastic damping elements applied to SDOF systems excited by white noise are considered. The viscoelastic damping is modelled as a force proportional to the fractional derivative of the relative displacement and placed in parallel with a linear spring between the structure and the secondary mass. Numerical analyses are conducted to obtain optimal parameters of the damper and it has been shown that TMDs with fractional derivative damping elements have effectiveness comparable with optimal conventional TMDs, if they are tuned correctly.
In this paper, Fractional Tuned Mass Damper (FTMD) devices, constituted by an oscillating mass connected to the main structure through a viscoelastic link with fractional constitutive law, are studied in detail. Since the most commonly used viscoelastic devices for base isolation and tuned mass dampers are laminated elastomeric rubber bearings, the fractional viscoelastic constitutive law of the damper device is initially determined, starting from the constitutive law of the elastomer. It is worth to stress that such fractional model only needs two parameters for capturing both relaxation and creep behaviours, while more traditional methods involving the combination of simple models, as Maxwell and/or Kelvin models, requires several parameters. The proposed formulation accounts for the presence of the multi-layered elastomeric structure typical of the devices available by manufacturers.
In order to properly analyse the system composed by the main structure and the FTMD, the latter is, at first, studied as a single oscillator. A novel function, denominated Damped Fractional Frequency, is defined for the FTMD, studying the transfer function of the fractional oscillator. It is shown as, using the fractional constitutive law, both the Elasto-Viscous and Visco-Elastic behaviours are modelled at once [24] . A critical value for the order of the fractional derivative, defining the limit between the two behaviours, is calculated based on the defined Damped Fractional Frequency. Then, the latter is utilized for the tuning of the FTMD, adopting classical tuning procedures proposed in literature for TMDs. Moreover, an innovative design formula for the fractional damping coefficient is presented.
Practical application of the FTMD concept is illustrated by numerical examples involving a SDOF system excited by a zero mean Gaussian white noise. The response of the structure is evaluated by using classical tools of stochastic analysis in the complex domain, showing the easiness of the mathematical formulation. Various optimal tuning ratios are tested, based on classic TMD theory, and the corresponding performance indexes are compared, showing the robustness of the proposed method with respect to the selected tuning criteria for the design of the FTMD.
Fractional mechanical properties of elastomeric rubber bearings
Laminated elastomeric rubber bearings have been suggested as support for a damper mass in place of conventional springs [16] to realize innovative TMD devices. Elastomeric bearings consist of alternate layers of rubber and steel shims so that the composite unit exhibits large vertical stiffness and low horizontal stiffness (Figure 1 ). The rubber layers are introduced because of their high elastic deformations, large elongation at break and their virtual incompressibility. The large vertical stiffness prevents undesirable rocking responses of isolated structures, reduces shear strain and creep deformations in the rubber, while increases the capacity of the bearings to carry axial loads at large displacements. A complete study on the characterization, design and construction of elastomeric rubber bearings is reported in [25] , where the effects of axial, shear, torsional and bending loadings on the bearing are studied. In this section only the effects of the shear forces are considered in order to define a relationship among the geometrical properties of the bearing and the damping coefficient.
The viscoelastic behaviour of the elastomeric bearing can be defined starting from the relaxation test. The latter consists in applying a constant (unitary) deformation and measuring the correspondent loss of the stress in time. Such a stress history is the so-called relaxation function,
It has been shown in [26] that the experimental data of the relaxation test are well suited by a power law in the form [12]    
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By inserting the power law (1) in Eq. (2) the following expression is obtained
The term in the square brackets in Eq. (3) is the so called Caputo's fractional derivative of the
Hence, the local constitutive law is given in the form
It has to be emphasized that, for 0
, that is a purely elastic behavior is observed, and 0 C represents the shear modulus. Conversely, for
is the constitutive law of a purely viscous fluid, and 1 C is the dissipation coefficient. All other values of  return a variety of viscoelastic behaviors, characteristic of the material at hands.
Once the local constitutive law has been derived, the global relationship of an interlayer can be properly obtained by taking into account for the thickness of each polymeric interlayer, the shape, and the transversal area of the elastomeric device. It is assumed that the elastomeric bearing 
T xy I T R y x I
From Eqs. (6) it is apparent that the shear distribution, and therefore the strain distribution along the transverse section, are different from point to point. However, Eqs. (6) 
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where C AC nh    is the coefficient that can be easily evaluated once the relaxation test on the rubber is performed and the quantities A , n , h are defined.
Summing up, the first step is to perform the relaxation test (possibly a shear test) on a specimen of the rubber that will be used for the FTMD. Then, the relevant parameters C  and  that characterize the rubber are determined fitting the relaxation data by Eq. (1). Finally, by means of Eq. (7), the fractional constitutive law of the whole device is obtained. Alternatively, if an appropriate test machine is available, the unitary displacement at the top of the elastomeric bearing can be imposed and the loss of the total force necessary to maintain such displacement can be measured leading to the identification of C  and  , directly. However, the latter procedure has to be repeated for each elastomeric bearing having different cross sectional area or number of steel platelets or different interlayers.
Behaviour of FTMDs
In this section the behavior of the FTMD alone is analyzed in order to prepare the way for the subsequent analyses of the FTMD inserted in a structure, that is the system depicted in Figure 2 is studied. The formulation proposed is limited to the hypothesis of linear behaviour of the system, and therefore small displacements are considered for the mass of the system. In fact, in the case of elastomeric rubber bearings, non-linear hysteretic behaviour should be expected in case of high level of displacements. 
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Hence, the DFF can be found by imposing 
The solutions of Eq. (16) 
where     can be selected with respect to the optimal tuning ratio, as shown in the numerical application sections. While the  value is dependent on the material of the damper device, and therefore it has to be fixed a priori, the value of the parameter  can be determined by inverse formula from the Eq. (17) allowing the geometric design of the damper device as described in section 1. 
Stochastic dynamics of a SDOF system equipped with FTMD
Let us consider a SDOF system excited at the base and equipped with a FTMD as depicted in Figure 5 . The equation of motion of this system can be written as Since the excitation is a stochastic process, the response statistics of the linear system in Eq.
(21) can be computed by means of the standard tools of stochastic calculus. In the following, capital letters for displacements have been introduced, as customary, since the response to a stochastic process is, in turn, a stochastic process. Then, by applying the Fourier transform to Eq. (21) and rearranging in matrix form, it is possible to obtain:
In Eq. (29), opt  is the optimal tuning ratio, defined as the ratio between the frequency of the TMD and of the primary structure. Of course, in this case, the DFF is used. In this way, once the mass ratio  is chosen, it is possible to compute the value of the damper frequency
and the FTMD damping coefficient by using Eq. (19) . Of course, a different tuning criteria can be used if the excitation on the structure is of different nature ( [1] , [4] ). Also, for the considered case, being the structure excited by an external white noise, the H2 tuning criterion proposed in [29] can be used in lieu of Gosh and Basu's criterion.
It is worth to be noted that the optimal tuning ratio reported in Eq. (29) has been derived for a TMD model in which the zero and first order derivatives appear. However, since we have assumed that the DFF is the frequency at which   
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, with twosided power spectral density W S defined as:
where   E  is the expectation operator and   
The equation of motion has been solved by means of stochastic analysis for an input white noise having unitary strength:
The displacement variance of the uncontrolled system has been determined by means of Eq. (28) and according to [30]   . For the controlled system, the variance of the response has to be calculated for each value of the FTMD parameters, using Eq. (27) . Hence, the following performance index has been defined:  , displacements variance of the controlled system and performance index.
The PSDF of the uncontrolled system displacements has been evaluated as:
and it is depicted in Figure 6 -a and Figure 6 -b together with the PSDFs of the controlled system displacements, computed as described in Eq. (25) Results confirm that the FTMD is able to reduce the structural response under broad band random loads. In fact, the data obtained by using Eq. (29) and by means of numerical minimization of the primary mass displacement variance show that the damper efficiency is slightly influenced by the used tuning criterion, as reported in Table 2 , thus assessing the correctness of DFF as the maximum of   Sensitivity analysis of the performance index with respect to the mass ratio, the  coefficient, and damping on the primary system, has been performed. First, for two different primary systems ( 0.5%   and 3.0%   ), the FTMD efficiency has been analysed varying  and  ; for each case, the tuning criterion in Eq. (29) Finally, although a closed-form expression for the variance of the controlled system and for the FTMD efficiency has not yet been determined, it can be observed that the optimal  value remains the same for all values of the damping in the primary structure, once the mass ratio is fixed.
Therefore, it can be deduced that the  optimum value only depends on the two masses of the primary structure and FTMD.  The use of a performance index, defined in terms of reduction of the main structure displacement variances, has given the possibility of comparing the efficiency of the FTMD in several cases. The FTMD has shown to have a very small sensitivity to small variations of the tuning frequency. Hence, the presence of uncertainties in the knowledge of the primary structure parameters has very small influence on the FTMD efficiency.  The FTMD efficiency, in terms of performance index, increases when incrementing the mass ratio between the primary structure and the damping device. However, the gain in performance becomes less and less significant increasing the mass ratio itself. Conversely, the FTMD efficiency decreases when incrementing the damping in the primary structure.  For each studied configuration of damping in the primary system and mass ratio between the two oscillators, and optimal  value can be identified. Although a closed-form expression for the optimal value has still not be found. Numerical tests suggest that such optimal value should be independent on the damping in the primary structure. Further analytical and experimental aspects regarding the effects of the bearing geometry (e.g., cross section area, rubber layer thickness) and material on the fractional parameters as well as optimal tuning of the device are currently under investigations.
